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We report on X-ray studies of freely suspended hexatic films of three different liquid crystal com-
pounds. By applying angular X-ray cross-correlation analysis (XCCA) to the measured diffraction
patterns the parameters of the bond-orientational (BO) order in the hexatic phase were directly de-
termined. The temperature evolution of the BO order parameters was analyzed on the basis of the
multicritical scaling theory (MCST). Our results confirmed the validity of the MCST in the whole
temperature range of existence of the hexatic phase for all three compounds. The temperature
dependence of the BO order parameters in the vicinity of the hexatic-smectic transition was fitted
by a conventional power law with a critical exponent β ≈ 0.1 of extremely small value. We found
that the temperature dependence of higher order harmonics of the BO order scales as the powers of
the first harmonic, with exponent equal to harmonic number. This indicates a nonlinear coupling
of the BO order parameters of different order. It is shown that compounds of various composition,
possessing different phase sequences, display the same thermodynamic behavior in the hexatic phase
and in the vicinity of the smectic-hexatic phase transition.
I. INTRODUCTION
The hexatic phase was first predicted as an interme-
diate state between a crystal and a liquid in the theory
of two-dimensional (2D) melting [1, 2]. The 2D hexatic
phase is characterized by a sixfold quasi-long-range bond-
orientational (BO) order, while the positional order is
short range. Phases with 2D hexatic order have been
found in different systems, such as polymer colloids[3–
5], electrons at the surface of helium[6], superconducting
vortices [7, 8] and smectic liquid crystals (LCs) [9–11].
In the latter case the hexatic phase was experimentally
observed in a three-dimensional (3D) stack of the par-
allel molecular layers [9]. The formation of the hexatic
ordering in 3D can be hardly understood - according to
Halperin and Nelson theory [1] the hexatic phase arises
as a consequence of the broken translational symmetry
of a 2D crystal, induced by dissociation of thermally ex-
cited dislocation pairs. The transition to an isotropic
liquid occurs only after a subsequent unbinding of discli-
nation pairs. Such a defect-mediated mechanism clearly
does not work in 3D crystals due to difference in defect
formation energy in 2D and 3D case. Fortunately, the
hexatic phase in LCs can be fully described on the basis
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of symmetry considerations, which does not imply any
specific melting mechanism. For example, the quanti-
tative characterization of the BO order in 2D and 3D
hexatic LCs can be made using the multicritical scaling
theory (MCST) developed by Aharony et al. [12].
The critical behavior of liquid crystals at the smectic-
hexatic phase transition remains a challenging problem
that is still not well understood. In the following we con-
sider the smectic and hexatic phases in which elongated
molecules are oriented perpendicular to the layers (Sm-A
and Hex-B, respectively [13]). The BO order in the Hex-
B phase is characterized by a sixfold rotational symmetry
and is described by the local ordering field
ψ(r) = |ψ(r)| exp[i6θ(r)] , (1)
where ψ(r) is the angle between the intermolecular bonds
and some reference axis. Since the BO order field is two-
component, the Sm-A – Hex-B phase transition belongs
to the XY universality class, which is similar to superfluid
helium or smectic-C liquid crystals. Contrary to the ex-
pectations for XY critical behavior in 3D, the properties
measured in the vicinity of the Sm-A – Hex-B transition
deviate markedly from these predictions. For example,
various experimental techniques yield an order parame-
ter critical exponent β = 0.15 − 0.19 [14, 15] and spe-
cific heat data for the most carefully studied Hex-B com-
pound 65OBC yield the exponent α = 0.6−0.65 [16–19].
These values differ significantly from theoretical predic-
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2tions for both the 3D XY critical exponents (α ≈ −0.01
and β ≈ 1/3 [20, 21]) and a tricritical point (α = 1/2
and β = 1/4).
The structure of hexatics is traditionally studied by
means of X-ray or electron diffraction in a single-domain
area of a hexatic film [9, 10]. Within such an ap-
proach the BO order parameters are determined by fit-
ting the measured azimuthal intensity distribution with
the Fourier cosine series. In our previous X-ray stud-
ies [22, 23] we have applied the angular X-ray cross-
correlation analysis (XCCA) to study the BO order in
single-domain Hex-B films. Angular XCCA has been
developed to investigate the structure of partially or-
dered systems to detect hidden symmetries and weak
angular correlations [24–29]. These include various com-
plex fluids, polymers, colloids, suspensions of biological
molecules, block copolymers and liquid crystals. In re-
lation to the hexatic phase, XCCA enabled a direct de-
termination of the sixfold BO order parameters from the
ensemble of measured diffraction patterns [22, 23]. The
application of XCCA allowed us to avoid the uncertainty
of a fitting procedure and determine multiple harmon-
ics of the BO order with great accuracy. Furthermore,
having the values of the BO order parameters one can re-
construct the angular resolved pair distribution function
(PDF) and observe the formation of the hexatic phase in
real space [30].
In the present work we investigated the structure of
three different LC compounds, prepared as thick freely
suspended hexatic films, which are truly 3D systems.
There are several motivations for this study. First, we
wanted to make sure that the character of the BO or-
dering in the Hex-B phase is the same for LC molecules
of different compositions and various phase sequences.
Two of our LC materials, 75OBC and 3(10)OBC stud-
ied earlier [22, 23, 31] belong to the homologous se-
ries nmOBC and show a low-temperature 3D crystalline
phase with a rectangular in-plane lattice possessing a
herringbone order (so-called Cr-E phase) [13, 32]. The
third compound, PIRO6, possesses very different chem-
ical structure (with hydrogen bonds) and shows a low-
temperature crystalline phase with a hexagonal in-plane
lattice (Cr-B) [33]. The latter is especially important
on account of speculations on the possible influence of a
low-temperature herringbone order on the properties of
hexatics [34]. Second, we studied the temperature de-
pendence of the BO order parameters in the vicinity of
the Sm-A – Hex-B phase transition that allowed us to
obtain and compare the values of the critical exponent
β for different compounds. And finally, we performed
analysis of the BO order parameters in the framework
of MCST and proved the validity of this theory for the
studied compounds.
This work is organized in the following way. In the
next section we discuss various theoretical approaches
to describe the 2D and 3D hexatic ordering in LCs. In
the third section the basics of the angular X-ray cross-
correlation is presented. The fourth section contains the
description of the experiment and properties of the stud-
ied compounds. In the fifth section we present analysis
of the positional order and the results of the spatially re-
solved studies of the single-domain formation in hexatic
films. Then we show the data on the BO order param-
eters and the results of application of the MCST to all
three LC compounds. The section completes with the
analysis of the critical behavior of the BO order parame-
ters in the vicinity of the Sm-A – Hex-B transition. The
final section gives the concluding discussion.
II. THEORETICAL ASPECTS OF THE
HEXATIC ORDERING
A. Stacked hexatic phase
The in-plane structure in the Sm-A phase is liquid-
like with the positional correlations between molecules
decaying exponentially. Upon decreasing temperature a
transition into the Hex-B phase, which displays the BO
order, may occur. This means that within smectic layers
orientations of local hexagons persist over macroscopic
distances, even in the absence of positional order. For
smectic layers this leads to a sixfold rotational symmetry
and BO correlations are described in terms of the two-
component ordering field introduced in the preceding sec-
tion. The above picture applies to the individual smectic
layers that are 2D hexatics in nature. It was experi-
mentally confirmed that hexatic films consisted of one or
two molecular layers represent true 2D systems [35–37].
Birgeneau and Litster [38] suggested that some of the or-
dered smectic phases might actually be the 3D analogue
of the hexatic phase described by Halperin and Nelson
[1]. In such case the coupling of layers in the third di-
mension introduces additional angular correlations from
layer to layer. Here the mean-square fluctuations of the
bond angles remain finite in contrast to the situation in
two dimensions, so a 3D (or stacked) hexatic phase ex-
hibits true long-range BO order. At the same time the
in-plane positional correlations remain short-range and
decay exponentially with a distance.
The in-plane structure factor in the Sm-A phase has
the form of a broad ring due to the short-range positional
correlations between molecules. The presence of the BO
order in the hexatic phase breaks the angular isotropy
of the structure factor and leads to a sixfold modulation
of the in-plane scattering. A Fourier expansion of the
azimuthal scattering profile gives [10]
I(φ) = I0
[
1
2
+
∞∑
m=1
C6m cos
(
6m(φ− φ0)
)]
, (2)
where I0 is the angular-averaged scattered intensity, φ is
the angle measured along the arc of the diffraction pat-
tern, and φ0 corresponds to the orientation of the diffrac-
tion pattern. The coefficients C6m can be considered as
order parameters that measure the degree of the sixfold
3bond ordering in the hexatics [12, 39]. In addition, the
hexatic phase exhibits a diffuse scattering profile in the
radial direction, corresponding to the short-range posi-
tional order. On cooling, the width of the radial intensity
peak decreases simultaneously with a further develop-
ment of the BO order. This indicates a coupling between
the positional correlations and the BO order [40]. At
certain stage the increase of the positional order leads to
formation of the 2D in-plane lattices that are locked to-
gether into 3D crystalline structures. These phases pos-
sess either a hexagonal in-plane crystal lattice (Cr-B), or
a rectangular lattice with the herringbone order (Cr-E).
B. In-plane positional order in hexatics
Due to interplay between the liquid density fluctua-
tions and the BO order parameters analysis of the radial
intensity profiles in the hexatic phase is a complicated
task [39, 40]. The X-ray scattering technique measures
the Fourier-transformed density-density autocorrelation
function. In fact, the measurement of the evolution of
the BO order is possible only due to coupling between
the liquid density fluctuations and the hexatic order pa-
rameters. The change of the liquid structure factor (LSF)
in the vicinity of the hexatic-smectic transition was stud-
ied in the framework of the phenomenological XY model
by Aeppli and Bruinsma [39]. The authors have shown
that the form of LSF (measured as a radial scan through
one of the sixfold diffraction maxima) depends strongly
on the mean square amplitude of fluctuations of the BO
order parameters. In the Sm-A phase at high temper-
atures and in the Hex-B phase at low temperatures far
away from the phase transition temperature TC the LSF
can be described by the Lorentzian profile with a half-
width γ
S(q) ∝ γ
2
(q − q0)2 + γ2 , (3)
centered at the preferred in-plane wave vector q0 ≈
4pi/a
√
3, where a is the average lateral molecular sep-
aration. In this case the positional correlations decay as
∼ r−1/2 exp (−γr) for 2D systems at large distances [13].
The most interesting behavior occurs in the vicinity of
the smectic-hexatic transition, where the fluctuations of
the BO field dominate. According to the theoretical pre-
dictions [39] the LSF is well approximated in this region
by the square root of a Lorentzian (SRL)
S(q) ∝ γ√
(q − q0)2 + γ2
, (4)
where the value of γ is determined by the mean square
amplitude of the angular fluctuations 〈|ψ|2〉. For such
a profile the positional correlations in 2D systems de-
cay as ∼ r−1 exp (−γr) [13]. In this work we defined
the positional correlation length, that characterizes the
exponential decay of positional correlations between the
FIG. 1. Generic temperature-concentration phase diagram,
representing phase transitions between Sm-A, Hex-B and Cr-
B phases of LCs. Solid lines denotes first-order transition and
dash line corresponds to second-order transition. Black verti-
cal line represents the phase sequence for certain compounds.
molecules as ξ = 1/∆q, where ∆q is a half width at half
maximum (HWHM) of the diffraction peak in the radial
direction. If the diffraction peak is approximated by the
Lorentzian function, ξ = 1/γ, and in the case of the SRL
function, ξ = 1/
√
3γ.
As a consequence of a functional dependence of the
diffraction peak shape on the mean square amplitude
〈|ψ|2〉, the correlation length at the smectic-hexatic tran-
sition starts to grow in the high temperature smectic
phase, shows the maximum of the derivative dξ/dT at the
phase transition point TC , and then nearly saturates deep
in the hexatic phase. This corresponds to the presence of
an inflection point on the temperature dependence of the
correlation length ξ at the phase transition temperature
TC . Interestingly, similar temperature dependence with
the inflection point at TC is predicted also for the peaks
maximum position q0 [39]. Such behavior has been ob-
served experimentally for many hexatic LCs [13, 22, 41].
The temperature width of the region where the BO order
fluctuations are really strong has not been evaluated in
the theory [39]. From the X-ray experiments it can be
estimated as few degrees, in accordance with the range of
the divergent behavior of the specific-heat at the Hex-B
– Sm-A phase transition [16–19].
C. Multicritical scaling theory
In the absence of a microscopic theory of the hexatic
ordering in the stacked (3D) smectics we consistently use
phenomenological theories, which are based on symme-
try considerations and do not rely on any melting mech-
anism [12, 39]. The ordering field of the Sm-A – Hex-B
transition is a two-component BO order parameter. This
places this transition in the XY universality class and al-
lows it to be continuous in 3D. General thermodynamic
4arguments allow to reconstruct the topology of the hex-
atic phase diagram in the vicinity of the Sm-A – Sm-B –
Cr-B triple point. A generic phase diagram suggested by
Aharony et al. [12] is shown in Fig. 1. The Sm-A – Cr-B
transition in three dimensions is always first-order due
to the long-range positional order and the presence of a
cubic term in the free-energy expansion in powers of the
Fourier coefficients of the density [42]. The same cubic
term is present for a Hex-B – Cr-B transition and gives
rise to a first-order transition in 3D. These two first-order
lines meet at a triple point with different slopes, since the
coupling between the BO order parameter and the am-
plitudes of the density waves shifts the transition Hex-B
– Cr-B relative to the continuation of the Sm-A – Cr-B
line. Such discontinuity in the slope at the triple point
causes the Sm-A – Hex-B transition to become first order
in its vicinity [12]. This introduces a tricritical point on
the Sm-A – Hex-B phase transition line. There are also
other interactions which potentially can shift the Sm-A –
Hex-B phase transition to the tricritical region. These in-
clude the coupling of the BO order with the short-range
herringbone molecular packings [34], interaction of BO
order with in-plane positional strains [17], and coupling
between the hexatic order and layer displacement fluctu-
ations [43]. The precise adiabatic scanning calorimetry
study of the hexatic compound 65OBC by Van Roie et
al. [18] have proved that the Hex-B - Sm-A transition is
indeed very weakly first order [17, 19]. The latent heat at
the transition was found to be as small as ∆H ≈ 0.04 J/g.
Assuming that Sm-A – Hex-B phase transition lies
in a crossover region between mean field (tricritial be-
havior) and 3D XY universality class, Aharony et al.
[10, 12] have shown that the BO parameters C6m defined
in Eq. (2) in the frame of MCST satisfy the following
scaling law
C6m = (C6)
σm , (5)
with the exponent σm of the form
σm = m+ xm ·m · (m− 1) . (6)
Here the parameter xm also depends on the order m and
can be expanded into a series in powers of m:
xm ' λ− µm+ νm2 − . . . . (7)
Two- and three-dimensional hexatic behavior in smectic
films can be distinguished by the values of the expansion
coefficient λ. Theory predicts [12, 44, 45]. that it is equal
to λ = 0.3 and λ = 1 in the 3D and 2D cases, respec-
tively. These predictions were in a good agreement with
the experimental works [10, 35, 36]. Theoretically deter-
mined next correction term µ is two orders of magnitude
smaller and equals approximately to 0.008 in the 3D case
[12].
III. X-RAY CROSS-CORRELATION ANALYSIS
XCCA allows one to study the BO order by analysing
of the angular correlations of the scattered intensity
[22, 25, 29, 46]. A two-point angular cross-correlation
function (CCF) of intensity is defined as
G(q,∆) = 〈I(q, φ)I(q, φ+ ∆)〉φ . (8)
Here (q, φ) are the polar coordinates in the 2D detector
plane, ∆ is the angular coordinate, and 〈. . .〉φ denotes the
angular average around a ring of scattering of a radius q
(see Fig. 2). Since the CCF is an even function, it can
be expanded into a cosine Fourier series
G(q,∆) = G0(q) + 2
∞∑
n=1
Gn(q) cos(n∆) , (9)
where the Fourier coefficients (FCs) are
Gn(q) =
1
2pi
∫ 2pi
0
G(q,∆) cos(n∆)d∆ . (10)
These Fourier components of the CCF are directly related
to the corresponding complex valued Fourier components
of the scattered intensity
Gn(q) = |In(q)|2 , (11)
where
In(q) = |In(q)| exp(iφn(q)) = 1
2pi
∫ 2pi
0
I(q, φ)e−inφdφ .
(12)
Here |In(q)| and φn(q) are the magnitude and phase of
the n-th FC of intensity and I0(q) is the intensity aver-
aged over a scattering ring of a radius q.
A large advantage of using the FCs Gn(q) is that they
can be averaged over all measured diffraction patterns
〈Gn(q)〉P = 1
P
P∑
p=1
Gpn(q), (13)
where the index p enumerates diffraction patterns and P
is a total number of measured diffraction patterns. When
a focused X-ray beam is used the local probe is much
smaller than the length scale of orientational order. In
this case the averaged FCs 〈Gn(q)〉P are related to the
Fourier components of intensity [26]
〈Gn(q)〉P = |In(q)|2 , (14)
where intensity In(q) refers to the scattering from such a
region with uniform orientation.
IV. EXPERIMENT
A. Samples
We have used three different LC compounds that all
exhibit the Hex-B phase within a certain temperature
5range. At higher temperatures all compounds show the
Sm-A phase. The chemical structure and the transi-
tion temperatures for LC compounds under investiga-
tion are shown in Table I. Two LC materials 75OBC
and 3(10)OBC belong to the homologous series nmOBC
[13, 32]. The 75OBC exhibits the Hex-B phase in the
range [22, 32, 47] of 59 – 63.8 ◦C, while the 3(10)OBC
shows the Hex-B phase in much wider range of temper-
atures 54 – 66.3 ◦C [23, 48]. Both mesogens exhibit a
low-temperature crystalline phase with a rectangular in-
plane lattice possessing a herringbone order (Cr-E phase
[13, 32, 47]). The third compound, PIRO6, possesses a
very different chemical structure: its aromatic part con-
sists of three rings, the central of which contains a weak
hydrogen bond (see Table I). The Hex-B phase exists
in PIRO6 in the temperature range from 85 to 92.6 ◦C;
contrary to the first two mesogens PIRO6 shows a low-
temperature crystalline phase with a hexagonal in-plane
lattice (Cr-B) [33]. Below we use relative temperature
∆t = T − TC , where TC is the temperature of the Sm-A
– Hex-B phase transition for a given LC compound.
B. Experimental setup
The experiments were conducted at the coherence
beamline P10 of the PETRA III synchrotron source at
DESY. The experimental setup is schematically shown in
Fig. 2. The energy of incident X-ray photons was 13 keV
that corresponds to the wavelength of λ = 0.0954 nm.
The X-ray beam was focused by the set of compound re-
fractive lenses (CRLs) to the size of 2×3 µm2 (vertical vs.
horizontal) at full width at half maximum (FWHM) with
the flux about 3×1010 photons/s. To collect the scatter-
ing signal at the diffraction angle 2θ ≈ 12◦ (q ≈ 14 nm−1,
q = 4pi/λ sin θ) the 2D detector Pilatus 1M (981 × 1043
pixels of 172 × 172 µm2 size) was positioned perpendic-
ular to the incident beam at the distance of 263 mm
downstream from the sample. At each temperature the
sample was scanned in the plane perpendicular to the
incident beam direction with 11 µm step size to analyse
the spatial variations of the BO order.
In our experiments we have used thick freely suspended
hexatic films that are especially suitable for an X-ray
scattering study [13]. These films have a controlled thick-
ness; the films are not influenced by substrate interac-
tions and their two surfaces induce an almost perfect
2D alignment of the smectic layers. The thickness of
the films was measured by AVANTES fiber optical spec-
trometer and was in the range of 3-5 µm for 75OBC and
3(10)OBC samples and about 15 µm for PIRO6 sample
(thousands of molecular layers). Freely suspended LC
films were drawn across a circular glass aperture of 2
mm in diameter inside the FS1 temperature stage from
INSTEC at about 10 ◦C above the temperature of the
Sm-A – Hex-B phase transition. The sample stage was
aligned in such a way that the surfaces of the LC films
were perpendicular to the incident beam. During the
Detector
Liquid crystal layers
x
y
FIG. 2. Scheme of the experimental setup. An X-ray beam
focused by CRLs is incoming perpendicular to the surface of
a freely suspended LC film. The diffraction pattern in trans-
mission geometry is measured by a 2D detector positioned
behind a sample. In the inset the arrangement of elongated
LC molecules in the smectic (hexatic) planes is shown. In this
geometry the measured diffraction pattern corresponds to the
in-layer structure of LC.
experiment the sample was gradually cooled with a tem-
perature ramp of 0.05-0.1 ◦C/min to observe structural
changes at the Sm-A – Hex-B phase transition point and
in the hexatic phase. Temperature was monitored by
a mK1000 temperature controller with an accuracy of
0.005 ◦C. At each temperature a large number of diffrac-
tion patterns were collected for better statistics. The
exposure time was chosen in the range of 0.5 – 0.6 s to
avoid radiation damage of the samples.
Typical diffraction patterns for PIRO6 and 75OBC
samples at different temperatures are shown in Fig. 3(a-
f). In the Sm-A phase one can see a uniform ring that
corresponds to the liquid-like structure of smectic layers
(Fig. 3(a)). On cooling the intensity modulation appears
along the scattering ring thus indicating the formation
of the hexatic order within the layers (Fig. 3(b-c)). At
lower temperatures the scattering ring splits into six dis-
tinct arcs that correspond to the increase of the BO order
(Fig. 3(d)).
V. RESULTS AND DISSCUSSION
A. The in-plane positional order
In the present work we studied the in-plane positional
order in the Sm-A and Hex-B phases using the shape
analysis of the radial cross-sections of the diffraction pat-
terns. Since the molecular form factor slowly varies with
q, we assumed that the shape of the diffraction peaks
is governed by the structure factor. Thus, the intensity
distribution I(q) in the radial direction through the max-
6TABLE I. Properties of the LC compounds
Compound Chemical structure Sm-A – Hex-B Hex-B – Cr
3(10)OBC
C
O
O C3H7
OC10H21
n-propyl-4′-n-decyloxybephenyl-4-carboxylate
TC ≈ 66.3 ◦C TCr ≈ 54.0 ◦C
Cr-E (orthorhombic)
75OBC
C
O
O C7H15
OC5H11
n-heptyl-4′-n-pentyloxybephenyl-4-carboxylate
TC ≈ 63.8 ◦C TCr ≈ 59.0 ◦C
Cr-E (orthorhombic)
PIRO6
NOC6H13
O
N
H
1-(4′ pirydyl)-3-(4-hexyloxyphyenyloamine)-prop-2-
en-1-on
TC ≈ 92.6 ◦C TCr ≈ 86.0 ◦C
Cr-B (hexagonal)
54 56 58 60 62 64 66 68 70
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FIG. 3. Diffraction patterns collected at different tempera-
tures in PIRO6 and 75OBC samples. (a) Sm-A phase, (b)
Sm-A – Hex-B phase transition region, (c,d) Hex-B phase of
the PIRO6 sample, and (e,f) Hex-B phase of the 75OBC sam-
ple. Black stripes correspond to the detector gaps where no
scattering signal was measured.
imum of one of the sixfold diffraction peaks in the Hex-B
phase was averaged over different positions in the sample
and then fitted with the Lorentzian and SRL functions
(see Section II B for theoretical discussion). The cor-
responding intensity profiles for all three compounds in
the vicinity of the Sm-A – Hex-B phase transition and
at lower temperatures in the Hex-B phase after back-
ground subtraction are shown in Fig. 4. For the case of
3(10)OBC and PIRO6 samples the SRL function gives
better approximation for I(q) in the temperature inter-
val −0.8 ◦C ≤ ∆t ≤ 0 ◦C and −2.7 ◦C ≤ ∆t ≤ 0.3 ◦C,
respectively, that is in the close vicinity of the Sm-A –
Hex-B phase transition temperature (Fig. 4(a,c)). Out
of this range the Lorentzian function fits the experimen-
tal data better (Fig. 4(d,f)) [23]. For the 75OBC sample
the quality of the data does not allow us unambiguously
distinguish between L and SRL fits (Fig. 4(b,e)).
In Fig. (a) the positional correlation length ξ = 1/∆q
is shown for all three samples as a function of a rela-
tive temperature ∆t. In the Sm-A phase ξ is about 1-2
nm and does not change with the temperature. On cool-
ing, upon approaching the Hex-B phase the correlation
length ξ starts to increase and shows the maximum of the
derivative dξ/dT at the phase transition point TC . This
indicates a coupling between the spatial density fluctu-
ations and the BO order. The temperature dependence
of the positional correlation length differs from one hex-
atic compound to another due to difference in the value
of a coupling constant of above interaction. On cool-
ing, the correlation length ξ either saturates deeper in
the Hex-B phase (75OBC) or linearly increases as hap-
pens in 3(10)OBC and PIRO6 hexatic films. Close to the
crystallization temperature the in-plane positional corre-
lation length increases by about an order of magnitude
(see Table II). The same trend was observed for other LC
compounds, such as 46OBC [41] or surface hexatic layers
in 4O.8 films [49], where ξ reaches the value of about 16
nm and 40 nm, respectively.
The peak position q0 determined by the average in-
plane distance between LC molecules, slightly increases
upon the temperature decrease (Fig. 5(b)). For all three
compounds we detected the presence of the inflection
point in the peak position q0 temperature dependence at
the Sm-A – Hex-B phase transition temperature. This
finding is in accordance with the theory of Aeppli and
Bruinsma [39], which predicts such behavior as a conse-
quence of growing fluctuations of the BO order parameter
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FIG. 4. Intensity distribution I(q) along the radial direction through the diffraction peak in the vicinity of the Sm-A – Hex-B
phase transition (a-c) and at lower temperatures in the Hex-B phase (d-f) for different compounds. The profiles are shown in
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FIG. 5. (a) Temperature dependence of the positional corre-
lation length ξ; (b) Temperature dependence of the diffraction
peak maximum position q0 for three different compounds.
[41]. These observations indicate that the position of the
inflection point on the q0 temperature dependence pro-
vides the most reliable determination of the temperature
of the Sm-A – Hex-B phase transition.
B. Spatially resolved studies
By scanning the sample with the incident X-ray beam,
we were able to probe the spatial variation of the BO
order within the plane of the Hex-B films [23]. To study
TABLE II. Values of different parameters obtained from the
experiment
Parameters 3(10)OBC 75OBC PIRO6
Max. positional
correlation length,
ξmax (nm) 24± 1.5 6± 1 13± 1
Temperature range
of the hexatic phase
existence, ∆t (◦C) 11 5 6.6
Max. number of the
BO order parameters,
mmax 25 7 6
MCST parameters,
λ 0.31± 0.015 0.27± 0.015 0.29± 0.015
µ 0.009± 0.001 - -
ν ∼ 10−4 - -
the BO order we used angular Fourier decomposition of
the scattered intensity at each position of the beam:
I(q, φ) = I0(q) + 2
∞∑
n=1
|In(q)| cos (nφ+ φn(q)) , (15)
where the magnitudes |In(q)| and phases φn(q) are de-
fined in Eq. (12). The FCs of the intensity were calcu-
lated along the ring of radius q0. We choose the magni-
8tude of the dominant first harmonic |I6(q0)| of the six-
fold FCs to characterize the degree of the BO order in
the hexatic phase. At the same time the phase of the
first harmonic φ6(q0) determines the orientation of the
molecular bonds.
In Fig. 6 the spatial variation of I6(q0) is shown for
the 3(10)OBC sample over large scanning area (300×300
µm2) at a relative temperature ∆t = −5.3 ◦C. In this 2D
map the phase of the BO order parameter, i.e. the bond
angle θ(r), changes by approximately 7◦ at a distance
of the order of 300 µm, while the magnitude |I6(q0)| is
constant. We expect that this is due to the occurrence
of large scale hexatic single-domains with different bond
angles over the area of the film. The continuous vari-
ation of the phases of the BO order parameter within
such domains allows the bond angles from different do-
mains to match themselves tangentially. This permits
to avoid the formation of the borders between hexatic
domains, which costs additional energy (of the order of
KA(∂θ/∂r)
2, where KA is the orientational stiffness con-
stant of the hexatic ordering field [44]).
The formation of large-scale single-domains of this
type, as it is shown in Fig. 6, was typical for 3(10)OBC
and PIRO6 samples where the diffraction peaks have
symmetrical shape in azimuthal direction (see Fig. 3(a-
d)). This means that in all layers the bond angle θ(r) has
the same mean value, and the predominant orientation
of intermolecular bonds is preserved in all layers. A sin-
gle domain with the uniform orientation is formed across
the whole film. It was not the case for the 75OBC sam-
ple, where the diffraction peaks mostly have asymmetri-
cal shape in the azimuthal direction: for example, longer
tails in the clockwise direction and steeper tails in the op-
posite direction (Fig. 3(e-f)). The same asymmetry was
observed at different spatial positions in the sample. We
attribute an observed asymmetry of the diffraction peaks
to a superposition of two or more domains in the illumi-
nated area of the film with slightly different orientation
of the intermolecular bonds. The question arises whether
these domains are originated from the surface and then
penetrate due to angular BO interactions through the
whole film, or whether these domains can be formed in-
dependently in the interior layers of the thick films.
It is known that in liquid crystals a free surface usu-
ally stabilizes a higher-ordered phase which is only ob-
served at lower temperatures in the bulk [13]. For exam-
ple, transmission electron diffraction in thin 4O.8 films
[50] provided evidence of the following crystallization sce-
nario: the hexagonal crystal grows into the smectic phase
in a layer-by-layer fashion involving an intermediate hex-
atic phase. At the same time, the direction of the hexatic
(crystal) axes in the top layers at both sides of the film
appear to orient in the same direction, though there are
liquid smectic layers in between them. Thus, it is clear
that the hexatic domain starts to grow from the surface
of the Sm-A film upon approaching the Sm-A – Hex-B
transition in bulk. However, the surface epitaxy observed
in the thin films might be lost in our thick (thousands lay-
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FIG. 6. Spatially resolved 2D map of the 6th FC for the
3(10)OBC sample at the relative temperature ∆t = −5.3 ◦C.
The length of a vector is proportional to the magnitude
|I6(q0)| of the BO order parameter; the direction of a vec-
tor is associated with the phase φ6(q0) of the first harmonic
of the BO order. Color represents a relative change of the
phase (in degrees).
ers) films. As a result the bond-orientation of the hexatic
domains growing from the top layers at both sides of the
film can be different. This necessary leads to smooth vari-
ation of the bond angle θ(r) in the transient area between
the surface. From the above reasoning the formation of
the single hexatic domains in the interior layers of the
smectic film is unlikely.
C. The bond-orientational order
For the detailed analysis of the BO order we have cho-
sen a single-domain area of 100×100 µm2 in our samples.
This allowed us to average the CCF over 100 diffrac-
tion patterns for 3(10)OBC and PIRO6 compounds and
25 patterns for 75OBC compound. Due to the sixfold
rotational symmetry of the diffraction patterns in the
Hex-B phase only the FCs In(q0) of index n divisible by
six should have non-zero values (n = 6, 12, . . .), and the
value of the FCs with n 6= 6, 12, . . . should be negligible.
Therefore, in the following we use the index m defined
as n = 6m in order to enumerate harmonics of sixfold
BO order. The magnitudes of all Fourier components
|In(q0)| are shown in Fig. 7(a-c) as a function of the or-
der number n. It is readily seen, that the values of the
FCs of indexes n = 6m are much higher than the values
of the FCs for which n 6= 6m. Thus the latter FCs can
be considered as a background. The magnitudes of the
FCs with n = 6m monotonically decrease as a function of
the harmonic number m. Finally, the components with
n = 6m are counted until they reach the background level
9of FCs with n 6= 6m.
The q-dependence of the FCs of intensity |I6m(q)| cal-
culated on the basis of Eq. (14) is shown for all three
LC compounds in Fig. 7(d-f). The analytical expression
for the q-dependence of the FCs |I6m(q)| is currently un-
known, this remains one of the unresolved issues of the
theory. Nevertheless, as a function of q the FCs |I6m(q)|
can be satisfactory approximated by the Lorentzian and
SRL functions. Our analysis indicated that the low or-
der FCs (m = 1, 2, 3) are better described by the SRL
function. For larger values of m (m = 4, 5, . . .) the cor-
responding FCs are better fitted by the Lorentzian func-
tion. The maxima of the functions |I6m(q)| appear at the
same momentum transfer value q = q0 as the maximum
value of the total radial intensity I(q) (see Section V A).
An alternative approach for studying the BO order in
the hexatic phase is based on the analysis of the angular
shape of the diffraction peaks. Our studies showed that
at all temperatures the angular profile of the diffraction
peaks in Hex-B phase can be well described by the Voigt
function, which is a convolution of the Lorentzian and
Gaussian functions [31].
The temperature evolution of the BO order in the Hex-
B phase can be described in terms of independent nor-
malized BO order parameters introduced by Brock et al.
[10, 12, 23, 51, 52]
C6m =
∣∣∣∣I6m(q0)I0(q0)
∣∣∣∣ . (16)
The number of nonzero coefficients C6m and their mag-
nitudes characterize a degree of the BO order in the hex-
atic phase. The temperature dependence of the BO order
parameters of various order is shown for all three com-
pounds in Fig. 7(g-i). In the Sm-A phase all parameters
C6m are close to zero due to absence of any angular order-
ing in the system. As soon as the temperature decreases
below the Sm-A – Hex-B phase transition the BO order
parameters start to appear one after another. At the
phase transition temperature only the first two or three
BO order parameters can be distinguished, but during
the cooling process the BO order parameters of higher
order sequentially start to increase. Although the general
tendency is that the magnitudes of the BO order parame-
ters increase during the cooling process, a non-monotonic
behaviour of some of the parameters (m = 4 − 10 for
3(10)OBC, m = 4 − 5 for 75OBC and m = 3 − 5 for
PIRO6) can be observed in the temperature range, where
their values are still small [23].
The exceptional high number (mmax = 25) of the suc-
cessive BO order parameters determined in the Hex-B
phase of the 3(10)OBC can be explained by the fact that
this compound exhibits the hexatic phase in a wide tem-
perature range of about 11 ◦C. For comparison in 75OBC
and PIRO6 hexatic phase exists only within the range
of about 5 ◦C and 6.6 ◦C, respectively (see Table II).
It is clear that a higher degree of the BO order can be
achieved in the Hex-B phase before its crystallization if
temperature range of the hexatic phase existence is wider.
More importantly, the amount and magnitude of succes-
sive BO order parameters are influenced by the strength
of interaction between the BO and positional order. For
example, in 3(10)OBC a strong correlation between the
number of FCs of the BO order and the value of the po-
sitional correlation length ξ has been detected [23]. This
observation indicates strong coupling between the BO
and positional order in the hexatic phase of 3(10)OBC.
A quantitative comparison of the BO parameters of dif-
ferent orders in the Hex-B phase was made on the basis
of the MCST (see Section II C). At each temperature the
values of C6m were fitted by the scaling relations (5-7).
For the analysis of the experimental data for 3(10)OBC
the approximation xm ≈ x(1)m = λ− µm was used for the
parameter xm in Eq. (7). For other samples the number
of non-zero BO order parameters C6m was smaller, so we
could not determine the value of the correction parame-
ter µ for them. Thus, for 75OBC and PIRO6 compounds
we used approximation xm ≈ x(0)m = λ. The temperature
dependence of the parameter λ for all three samples is
shown in Fig. 8(a). On cooling the parameter λ rapidly
grows up to the value λ ≈ 0.3 at the Sm-A – Hex-B phase
transition and then stays almost constant with the tem-
perature. The experimentally determined values of the
parameters λ and µ in the Hex-B phase are in good agree-
ment with the predictions of the MCST for 3D hexatics
(see Section II C).
Since the exponents σm in the scaling law (5) appear
to be almost independent on temperature [12, 23], one
can calculate the temperature-averaged values 〈σm〉T .
In Fig. 8(b) the averaged values 〈σm〉T are shown as a
function of the number m for all three compounds. By
the fitting of the exponents 〈σm〉T with equations (5-7)
we obtained the following values of the MCST parame-
ters: λ = 0.31 and µ = 0.009 for 3(10)OBC, λ = 0.27 for
75OBC and λ = 0.29 for PIRO6 (see values in Table II).
We were even able to determine the magnitude of the
next correction term ν ∼ 10−4 for 3(10)OBC compound
(see Eq. (7)), for which we observed the largest number
of the BO order parameters [23].
D. Critical behavior at the smectic-hexatic phase
transition
The critical behavior at the Sm-A – Hex-B phase tran-
sition in LCs has been studied by various techniques for
decades, but the problem is still far from being solved.
The MCST theory works for 3D hexatic films surpris-
ingly well [10, 23, 51, 52]. This indicates that the initial
assumption of the theory [12] that the Sm-A – Hex-B
transition lies in a crossover region between the mean
field (tricritial behavior) and 3D XY universality class
might be true.
We propose to look at the problem of the critical be-
havior at the Sm-A – Hex-B transition from a different
angle. In Fig. 9 the temperature dependence of the first
successive BO order parameters in the vicinity of a Sm-
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FIG. 7. (a-c) Magnitudes of the Fourier components |In(q0)| as a function of the order number n for 3(10)OBC compound at
the relative temperature ∆t = −5.3 ◦C (a), 75OBC compound at ∆t = −4.55 ◦C (b), and PIRO6 compound at ∆t = −4.3 ◦C
(c). Red lines show fitting using the MCST. (d-f) Magnitudes of the sixfold FCs of the intensity |I6m(q)| as a function of q
for 3(10)OBC (d), 75OBC (e), and PIRO6 (f) compounds at the same temperatures. (g-i) Temperature dependence of the BO
order parameters C6m = |I6m(q0)/I0(q0)| for 3(10)OBC (g), 75OBC (h), and PIRO6 (i) compounds. The experimental points
are connected with solid lines for better visibility. The colorbar at the right indicates different values of m.
TABLE III. Parameters of fitting of the temperature dependence of C6m by Eq. (17). Typical absolute errors of parameters
determination are ∆Am = ±0.01 and ∆TC,m = ±0.01 ◦C; relative error for the critical exponent is δβm = ±10%
Substance 3(10)OBC 75OBC PIRO6
Parameters Am TC,m,
◦C βm Am TC,m, ◦C βm Am TC,m, ◦C βm
m=1 1.06 66.11 0.09 0.92 63.25 0.09 1.12 92.40 0.10
m=2 1.29 66.11 0.19 1.07 63.24 0.22 1.19 92.40 0.23
m=3 1.45 65.71 0.27 0.91 62.84 0.26 1.45 92.40 0.29
m=4 1.81 65.44 0.40
m=5 2.00 64.86 0.48
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FIG. 8. (a) Temperature dependence of the parameter λ, ob-
tained from the fitting of the experimental data with the scal-
ing relations (5-7) for different compounds. (b) Temperature
averaged values of 〈σm〉T and their fit with equations (6-7)
for different compounds. In the inset an enlarged region for
m = 1− 7 is shown.
A – Hex-B transition is shown. First, these curves fol-
low the power-law with the exponents increasing with
the harmonic number m. Second, the higher order har-
monics of the BO order appear at temperatures that are
lower than the phase transition temperature TC . Taking
these observations into account we fitted the tempera-
ture dependence of the BO order parameters C6m by a
power-law
C6m = Am
∣∣∣∣T − TC,mTC,m
∣∣∣∣βm (17)
with three adjustable independent parameters: Am, TC,m
and βm. Here Am is a scaling constant, TC,m is a critical
temperature, and βm is a critical exponent for each har-
monic. The result of the fitting with Eq. (17) is shown
in Table III. The fitting gives for the critical exponent of
the first harmonic C6 the unusually small value, β1 ≈ 0.1
for all compounds. Additionally, the higher order har-
monics of the BO order scale as the powers of the first
harmonic, with the exponent equal to harmonic number:
C12 ∼ C26 , C18 ∼ C36 , etc. (see Fig. 9 and Table III).
The behavior of critical exponents of higher order can
be qualitatively understood in the frame of the Landau
theory with nonlinear coupling between the BO order
parameters of different orders. The excess of free energy
density can be expanded in the vicinity of the Sm-A –
Hex-B transition in powers of the first two hexatic order
parameters C6 and C12 as
f =
1
2
A1C
2
6 +
1
2
A2C
2
12 +
1
4
B1C
4
6 +
1
4
B2C
4
12 −DC26C12 ,
(18)
where A1 = a1(T−TC,1), A2 = a2(T−TC,2), TC,2 < TC,1,
enabling the possibility for successive BO harmonics to
condense at different temperatures [53]. The expres-
sion (18) contains the coupling term −DC26C12 of the
lowest order, which forms an invariant with respect to
the free energy (C26 ∼ exp(12iθ), C12 ∼ exp(12iθ)). We
also assume that C12 < C6.
Minimization of Eq. (18) with respect to C12 gives the
following equation
∂f
∂C12
= A2C12 +B2C
3
12 −DC26 = 0 . (19)
Due to a small value of the parameter C12 with respect
to C6, the second term in Eq. (19) can be disregarded.
Finally we arrive to the simplified equation for C12:
C12 ≈ D
A2
C26 . (20)
Thus the nonlinear coupling between the BO order pa-
rameters C6 and C12 leads to the relation C12 ∼ C26 ob-
served in our experiment for all three compounds (see
Fig. 9 and Table III). In a similar way higher order cou-
pling invariants of the type C36C18, C
4
6C24, and corre-
sponding quadratic terms can be added in the Landau
expansion (18). We neglect here the higher order cou-
pling terms of the type C312C
2
18 and so on. As a result we
obtain relations C18 ∼ C36 and C24 ∼ C46 which also fit
well the experimental data.
The small value of the critical exponent β1 ≈ 0.1 rules
out the 3D XY model, which should apply to a Sm-A –
Hex-B phase transition from basic symmetry considera-
tions. The proximity to a tricritical point, where α = 1/2
and β = 1/4, is also inconsistent with our results. The
fact that the critical exponent for specific heat α is not so
far from 0.5 (α = 0.6 − 0.65 for 65OBC) might indicate
that the Sm-A – Hex-B transition occurs in the vicinity of
a tricritical point as it was initially suggested by Aharony
et al. [12]. In this case a crossover behavior can be ob-
served, similar to the situation near the nematic – Sm-A
tricritical point [54]. Interestingly, our results for β1 to-
gether with the measured specific heat critical exponent
α ≈ 0.65 in 65OBC conform with the 2D four-state Potts
model with α = 2/3 and β = 1/12 [55], which corre-
sponds to strongly fluctuating system - three-spin model
on the triangular lattice [56]. What might be common
between the 2D four-state Potts model and the hexatic
BO ordering, which is described by a two-component or-
der parameter is currently unclear.
Let us discuss the values of the critical exponents at
the Sm-A – Hex-B transition in more detail. Bruinsma
and Aeppli [34] proposed a theory based on the coupling
of BO order with a short-range herringbone orientational
order. Due to this theory the continuous Sm-A – Hex-B
transition can be driven to first order with an appearance
of the tricritical point at the transition line. Such an ap-
proach might be relevant to the hexatics possessing low
temperature Cr-E phase of the type of nmOBC series.
However, this explanation does not work for PIRO6 with
a Cr-B low-temperature phase, where the short-range
herringbone order is absent [15].
There are some other theoretical models, which in-
troduce a tricritical point at the Sm-A – Hex-B phase
transition line. Besides the general theory proposed by
Aharony et al. [12] (see Section II C) there are theories
by Selinger [43], who suggested coupling between the BO
12
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FIG. 9. Temperature dependence of the BO order parameters C6m for compounds 3(10)OBC (a), 75OBC (b), and PIRO6 (c).
Solid lines show the fitting of the experimental data by the power law (17). The colorbar at the right indicates different values
of m.
order and layer displacement fluctuations, and by Haga
et al. [17], where the interaction of the BO order with the
in-plane positional strain is considered. The latter rep-
resents some variant of a compressible XY model, which
allows fluctuations of the in-plane strain for weakly first-
order transitions, if the material contracts on ordering
(see also compressible n-vector model [57, 58]). In prin-
ciple, the renormalization of the critical exponents in the
vicinity of such a tricritical point can lead to very un-
usual values of the effective critical indexes. However, it
is not clear how this model can be implemented to the
case of the Sm-A – Hex-B transition.
Finally, in recently published work by Kats et al. [59],
the authors have made an assumption that the trans-
lational (positional) correlation length ξ is much larger
than the hexatic correlation length ξh. The above in-
equality is violated only in the narrow vicinity of the
Sm-A – Hex-B transition temperature, where the critical
behavior characteristic of the superfluid phase transition
is conserved. As a result the singular part of the heat
capacity represents a sum of two terms: the first with a
small critical exponent α ≈ −0.01 characteristic of the
3D XY universality class and the second term with the
exponent α ≈ 1 which originates from the interaction of
the BO order parameter with density fluctuations. Thus,
the heat capacity critical exponent α = 0.6−0.65 [16–19]
is based on a single, but not universal, power-law fitting
of the experimental data, which reflects a crossover be-
havior between two regimes described above [59].
VI. CONCLUSIONS
The important result of our study is that LC com-
pounds of various compositions, possessing different type
of low temperature crystal phase (Cr-B or Cr-E) and dif-
ferent range of existence of the Hex-B phase display sim-
ilar thermodynamic behavior in the hexatic phase and in
the vicinity of the Sm-A – Hex-B phase transition. For
example, PIRO6, which possesses an internal (and pos-
sibly external) hydrogen bonding shows essentially the
same temperature dependence of the positional correla-
tion length, similar MCST characteristics and the same
critical behavior as 3(10)OBC compound.
Utilizing a micron-sized X-ray beam we were able to
study spatial variations of the BO order parameter and
to construct 2D maps of the bonds orientations. We ob-
served formation of large domains (more than 100 µm)
with uniform orientation of the intermolecular bonds
across the whole 3(10)OBC and PIRO6 films. The bond
angle in these domains shows continuous change over the
whole area, which allows the bond angles from different
domains to match themselves tangentially. This situa-
tion reminds of the formation of large scale orientational
domains in nematic LCs. For 75OBC compound the sit-
uation is different because the average bond-orientation
of the hexatic domains growing from the opposite sides of
the film deviate from each other. This leads to smooth
variation of the bond angle θ(r) in the transient area
between the surface domains with different bond orien-
tations.
In addition, we studied temperature dependence of
the positional correlation length, which is coupled to the
BO order parameters, and investigated the shape of the
diffraction peaks in the radial direction. The shape is
affected by large-scale BO fluctuations in the vicinity of
the phase transition. Our results support the validity
of the MCST for all three compounds under study. We
have confirmed experimentally the value of the first order
correction term in the scaling relation of the BO order
parameters that was predicted by the MCST. We have
shown that the number and magnitude of successive BO
order parameters in the Hex-B phase are determined not
only by the temperature range of the Hex-B phase, but
primarily by the strength of interaction between the BO
and positional order.
The temperature dependence of the BO order param-
eters in the vicinity of the Sm-A – Hex-B transition en-
ables direct determination of the critical exponent β for
the successive FCs. The values of β1 for the first har-
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monic of the BO order in all three compounds were found
to be of the order of β1 ≈ 0.1. This value of the criti-
cal exponent β together with the large value of the heat
capacity critical exponent α = 0.6−0.65 are in contradic-
tion with the conventional 3D XY model. The proximity
to a tricritical point is also inconsistent with our results.
The higher order harmonics of the BO order scale as the
powers of the first harmonic, with the exponent equal
to the harmonic number. This indicates the nonlinear
coupling of the BO order parameters of different orders.
Currently none of the existing theories can describe the
full set of experimental data related to the Sm-A – Hex-B
transition in LCs.
Experimentally it is clear that smectic liquid crystals
provide definite examples of 2D and 3D hexatic phase
with the BO order. In spite of the extensive experimental
work there is no conclusive evidence for the dislocation-
unbinding mechanism proposed by Halperin and Nelson
[1] even for the case of 2D LC hexatic phase. The defect-
mediated theory predicts rather specific types of singu-
larities that have not been observed in 2D hexatic LCs
and in 3D case the situation becomes even more ambigu-
ous. For example, the theory predicts a wide bump in
the specific heat above the hexatic-liquid transition point
due to gradual unbinding of disclination pairs. Instead,
a nearly symmetrical specific-heat anomaly showing di-
vergent behavior has been found at the Sm-A – Hex-B
transition in three layer [32] and two layer Hex-B films
[11, 48, 60]. As a rule the crystal-hexatic phase transi-
tion in LC hexatic films is of the first order, which pre-
empt a continuous transition from the Hex-B to Sm-A
phase [11]. Despite the considerable theoretical effort,
there is no full understanding yet regarding the mech-
anism of these transitions. Thus, the development of a
microscopic theory of the hexatic phase in LCs, which
necessary includes the angular ordering of the pairs of
molecules forming the sides of local hexagons (molecular
bonds), is in high demand.
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